Abstract: Partition functions for M2-brane theories in various backgrounds are computed. We consider in particular configurations of membranes at orbifold singularities preserving N = 5 or N = 6 supersymmetry. The worldvolume membrane theory for some of these configurations has been recently constructed in terms of N = 6 Chern-Simons theories. The detailed structure of the partition functions as well as their transformation rules under the R-symmetry are explicitly computed using the Plethystic Programme.
Introduction
Partition functions for BPS operators in supersymmetric field theories are rather interesting objects in many respects. They share information about the structure of the moduli space of vacua and the effective number of degrees of freedom in the system. The computation of such generating functions is generically a very hard problem but it can be simplified in particular circumstances. The partition functions for chiral operators in four dimensional supersymmetric gauge theories have been extensively studied in the past years, ranging from SQCD [1, 2, 3, 4, 5] to quiver gauge theories living on branes at singularities [6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . The latter in particular are superconformal gauge theories and have an AdS 5 × H dual [16, 17, 18] . In this case, information from the field theory and from the holographic dual can be combined to give a better understanding of the superconformal theory. For the case of branes at Calabi-Yau singularities, the combination of the Plethystic Programme with algebraic tools in complex geometry allows to write quite explicit formulae for the partition functions.
It is a natural and interesting direction to try and extend these results to other dimensions. In particular, the case of three dimensions, where the superconformal zoo is very large, is a natural choice. Most supersymmetric Yang-Mills theories flow in the IR to a superconformal fixed point in three dimensions. However, for theories with an AdS 4 × H dual, it is very difficult to write the corresponding UV Yang-Mills theory 1 and little is known about the explicit description of the interacting superconformal theory which is assumed to be a theory of membranes.
In this paper we will consider theories of membranes living at singularities R 8 /Γ and preserving N = 5 or N = 6 supersymmetry. The dual theory is AdS 4 × S 7 /Γ. Here Γ is any of the discrete subgroups of SU(2) and it acts freely on S 7 .
One of the motivation for this analysis is the fact that a superconformal ChernSimons theory with N = 6 supersymmetry and moduli space R 8 /Z k has been recently constructed. In fact there was recently much activity in the study of superconformal Chern-Simons theories in three dimensions with large amount of supersymmetry in the attempt of constructing theories for M2-branes. A consistent theory with N = 8 supersymmetry has been constructed with gauge group SU(2) × SU(2) in [23] and interpreted as the theory of two M2-branes on an orbifold of flat space for some value of the Chern-Simons parameter [24, 25] . Attempts to extend this construction to N branes and SU(N) gauge groups keeping manifest N = 8 supersymmetry faced intrinsic difficulties in the theory of three Lie algebras. The only available candidates at the moment contain ghosts [26, 27, 28] 2 . However, more recently, a consistent theory with U(N) × U(N) gauge group and bifundamental fields which has only a manifest N = 6 supersymmetry has been constructed in [32] . The theory has two parameters, the Chern-Simons parameter k and the number of colors N. Based on the the analysis of the moduli space, the spectrum of chiral operators and a brane construction, this theory has been proposed as the superconformal theory living on N M2-branes at the orbifold singularity R 8 /Z k . Further evidence of this fact was given in [33, 34] . The theory has a dual description as string theory on AdS 4 × S 7 /Z k . In particular, for Chern-Simons level k = 1 we recover the maximally supersymmetric theory of M2-branes in flat space; only an N = 6 supersymmetry is however manifest in the Lagrangian.
It is then a natural question to write partition functions for these theories. Of course, many things are known about the chiral spectrum of M2-branes in flat space. A partition function for 1/8 BPS operators was written in [35] , for example. For theories with such amount of supersymmetry, it is natural and convenient to write down partition functions which respect the R-symmetry of the superconformal theory, which is Spin (8) for N = 8. This can be very efficiently done in the case of one brane.
In fact, it is known from the AdS 4 × S 7 dual description that there is precisely one single trace chiral multiplet for each symmetric traceless representation of Spin (8) . Making use of this information, we show how to write the partition function of one M2-brane in flat space and expand it in terms of Spin (8) representations 3 . The supersymmetric partition function on R 8 /Z k is then obtained by using the discrete Molien formula (4.1) and expanded in terms of representations of the R-symmetry group Spin(6). We will also write the partition function for the theory of an M2-brane on R 8 /D k+2 and R 8 /Ê n (with n = 6, 7, 8), configurations that preserves N = 5 supersymmetry and has Sp(2) R-symmetry. We emphasise that the partition functions precisely count chiral multiplets whose lowest compontent is a scalar field.
We can apply the Plethystic Programme in order to get information on the moduli space for higher N, which is Sym(R 8 /Γ) N , where Γ can be the abelian group Z k or any of the non-abelian discrete subgroups of SU(2) associated with the affine Dynkin diagrams of D k+2 , E 6 , E 7 , E 8 [8, 40] . Below we write a quick reminder.
The Plethystic Programme: A Recapitulation. Let us define the plethystic exponential of a multi-variable function g(t 1 , . . . , t n ) that vanishes at the origin, g(0, . . . , 0) = 0, to be
In the same way as mentioned in [8, 11] , the generating function g N at finite N is found by the series expansion of the ν -inserted plethystic exponential as
Information about the generators of the moduli space and the relations they satisfy can be computed by using the plethystic logarithm, which is the inverse function of the plethystic exponential. Using the Möbius function µ(r) we define
The significance of the series expansion of the plethystic logarithm is stated in [8, 11] : the first terms with plus sign give the basic generators while the first terms with the minus sign give the constraints between these basic generators. If the formula (1.3) is an infinite series of terms with plus and minus signs, then the moduli space is not a complete intersection and the constraints in the chiral ring are not trivially generated by relations between the basic generators, but receive stepwise corrections at higher degree. These are the so-called higher syzygies. These partition functions can be decomposed into representations of the relevant R-symmetry group, Spin(8), Spin(6) and Spin(5) for N = 8, 6 and 5 supersymmetry respectively. A word of caution is necessary. These partition functions count some gauge invariant multitrace operators. However, since the product of short multiplets of N = 8, 6 and 5 supersymmetry may contain operators that are not protected, the partition functions are not necessarily counting short operators except for N = 1. They should be better intended as partition functions counting real functions on the moduli space for N branes. It would be interesting to investigate further the properties of these partition functions and to seek for a dual interpretation for them.
Notation for representations. In this paper, we shall represent an irreducible representation of a group G by its highest weight [a 1 , . . . , a r ], where r = rank G. In order to avoid cluttered notation, we shall also slightly abuse terminology by referring to each character by its corresponding representation.
We next proceed with a detailed study of this class of theories.
2. The Theory of N = 1 and k = 1
This theory has N = 8 supersymmetry in 2+1 dimensions and therefore all protected operators appear in irreducible representations of the R-symmetry group, Spin (8) .
There is an additional quantum number which counts the number of scalar fields. This quantum number can be taken to be the conformal dimension of the corresponding operators, measured in units of 1/2. Its corresponding fugacity is denoted by t. The moduli space is R 8 and the scalars transform in the [1, 0, 0, 0] representation of Spin (8) . It should be noted that the fugacity t represents a real degree of freedom and not a complex degree of freedom. As a result, the dimension of the moduli space is real and not complex. We therefore write down the first partition function for the set of theories g N,Z k (below Z 1 means the trivial action), Using this, an explicit expression for g 1,Z 1 after evaluating the PE, as defined in (1.1), takes the form
(1−ty 1 )
3) The partition function g 1,Z 1 has an expansion in terms of characters of Spin (8) as
When we set all the chemical potentials of the Spin(8) symmetry to zero this function takes the form
We first note that this function has a pole of order 8 at t = 1 which indicates that the real dimension of the moduli space is 8.
Operators on S 7 . This partition function turns out to count operators which are not protected by supersymmetry, the simplest one being Tr(φ i φ i ), which is represented by the singlet term in the expansion at order t 2 . To cure this we recall that the protected operators are actually in one to one correspondence with harmonic functions on S 7 (see, e.g., [37] for Kaluza-Klein modes on S 7 ) 4 , and the partition function should reflect this condition. It is easily given by a relation which is quadratic in the basic fields and a singlet of Spin (8) . We therefore write a partition function for all harmonic functions on S 7 ,
This partition function has a nice expansion in terms of characters:
which indeed reflects the well known fact that harmonic functions at level n on S 7 transform as precisely one copy of the [n, 0, 0, 0] representation of Spin (8) . Correspondingly, the N = 8 theory for one M2-brane has a set of protected operators at level n which transform under precisely one copy of the representation [n, 0, 0, 0] of Spin (8) . We can further set all Spin(8) chemical potentials to zero and get the expressions
The first form indicates that there are 8 generators for S 7 which are subject to 1 relation of order 2. This relation sets the radius of the S 7 to a constant value. The second form indicates that the real dimension of the moduli space is 7. The last form gives the dimensions of the irreducible representations [n, 0, 0, 0] of Spin (8) . For reference we quote here the general dimension formula [39] for a generic Spin (8) 
Decomposing Spin(8) into SU(4) × U(1). For applications with higher CS level k, we will now rewrite the generating functions in terms of irreducible representations of SU(4), the R-symmetry for N = 6 supersymmetry in 2+1 dimensions. For this purpose we introduce the fugacity b for the baryonic number, and decompose the 8 dimensional representation of SO (8) into two irreducible representations of SU (4):
with the usual relation as borrowed from the conifold partition functions, t 1 = tb, t 2 = t/b (see e.g., [12] ). Here t 1 is taken to count the degree of holomorphic functions on C 4 and t 2 counts the degree of anti-holomorphic functions on C 4 . Explicit expressions for the characters of the SU(4) representations can be taken to be with 3 complex fugacities, z 1 , z 2 , z 3 in the form,
The generating function g 1,Z 1 takes the form
This function has a nice expansion in terms of irreducible representations of SU (4),
Comparing (2.7) with (2.13), we find the following decomposition:
A non-trivial check. The dimension formula [39] for a generic representation of
(2.15)
This can be used in checking the various relations quoted above and below.
3. Z k Orbifold Actions on the N = 1 Theory
We next turn to the k = 2 theories. The R-symmetry is still Spin(8) and we can still count operators using representations of Spin (8) . The new ingredient is an orbifold projection on the variable t. Under this orbifold action t → −t and we need to sum over both sectors, with t and with −t. The resulting generating function gets a simple form, restricting to even powers of t,
Setting the Spin(8) chemical potentials to zero, we find
suitable for a moduli space of real dimension 7.
The plethystic logarithm of the generating function g 1,Z 2 is . We note that in this case the moduli space is not a complete intersection, since the plethystic logarithm is an infinite series.
The Case of Higher k
For higher values of k the orbifold action does not commute with the Spin(8) Rsymmetry group and breaks it to SU(4) with an action on the baryonic charge. The Z k orbifold acts on the fugacity b by b → wb, with w k = 1 and we need to sum over all contributions. The result is the following discrete Molien formula (c.f. Equation (3.1) of [8] ):
It is now useful to recall (2.13) and realize that only terms with n − m = 0 mod k survive the projection. We can therefore write an expression for g 1,Z k as follows: . This is consistent with the analysis of chiral operators performed in [32] for the N = 6 CS theory.
An Example of k = 2. As a check, we can recover the previous results for k = 2. Formula (3.5) gives The plethystic logarithm of this expression is
Observe that the coefficient 35 of t 2 in the plethystic logarithm is simply the dimension of the SU (4) An Example of k = 3. The unrefined partition function is
The plethystic logarithm of this expression is Z 4 (t, 1, 1, 1, 1 The plethystic logarithm of this expression is A general formula. The general unrefined partition function which can be obtained from (3.4) is 
The k → ∞ Limit: Restriction to the Zero Baryonic Subspace
In the limit where k goes to infinity, all states with non zero baryonic charge disappear from the spectrum. We obtain a partition function which counts real functions on P 3 ,
where the SU(4) representation [n, 0, n] can be interpreted as the partition function for N = 6 chiral multiplets in the Kaluza-Klein (KK) compactification on P 3 . It is well known indeed that the KK chiral multiplets for AdS 4 ×P 3 fall in [n, 0, n] representations [38] .
When restricted to zero SU(4) chemical potentials, we get
where we note that this formula agrees with (3.15) in the limit k → ∞. It is obvious from the order of the pole that we are dealing with a six dimensional manifold. This is explained by the fact that Z k acts by reducing by a factor of k the length of a circle in S 7 . In the limit k → ∞, S 7 becomes P 3 and, correspondingly, M-theory is reduced to Type IIA. The above partition function then characterises the protected Type IIA configurations on AdS 4 × P 3 [32] . We point out that this partition function is palindromic even though it is not a CY manifold.
Non-Abelian Orbifold Actions on the N = 1 Theory
We now consider the orbifold actions of the binary dihedral, 5 tetrahedral, octahedral and icosahedral discrete subgroups Γ of SU(2) associated to the affine lie algebraŝ D k+2 ,Ê 6 ,Ê 7 ,Ê 8 , whose projections break the Spin(8) R-symmetry group into Sp(2) and preserves N = 5 supersymmetry 6 . We note that the membrane theory on R 8 /Γ has a dual AdS 4 × S 7 /Γ.
Discrete Molien formula. The partition function for S 7 /Γ depending on the parameter t can be easily computed by the following discrete Molien formula (c.f. Equation (3.1) of [8] ):
where the determinant is taken over the 8 × 8 matrix representation of the group elements.
Decomposing SU(4) into Sp(2). Since the SU(4) R-symmetry is broken into Sp(2), we will need to expand partition functions in terms of irreducible representations of Sp(2) instead of SU(4). We shall quote here the relevant decomposition formula (setting the fuacities z i of SU(4) to the fugacities x i of Sp(2) to be z 1 = x 1 , z 2 = x 2 , z 3 = x 1 ; this action is like a "folding" of the representation similar to the action of an orientifold plane.):
5 In this paper, we shall denote the binary dihedral group of order 4k byD k+2 . 6 C 4 /Γ, with Γ discrete subgroup of SU (2) acting diagonally on two copies of C 2 , is obviously a Calabi-Yau cone on S 7 /Γ. It preserves N = 6 supersymmetry for Abelian Γ and N = 5 for dihedral and exceptional Γ [18] , as can be checked by the action on spinors. Notice however that in the text we adopted a real notation which is related to the Calabi-Yau complex coordinates by a change of complex structure.
Therefore, we can rewrite (3.5) in terms of Sp(2) irreducible representations, setting b = 1 since the baryonic charge is not conserved with non-Abelian orbifold projections,
where p(n 1 , n 2 ) = min{kn 1 + r, kn 2 + r}, and x 1 , x 2 are the Sp(2) fugacities.
4.1D k+2 Orbifolds
Let us consider the groupD k+2 which is a subgroup of SO (8). It is generated by
where w 2k = 1 and J 4×4 is the four by four symplectic matrix (4). The global symmetry group SU(4) × U(1) B is reduced by the projection to Sp(2), which is simply the group of SU(4) matrices satisfying the condition Jg = g * J.
General partition function forD k+2 . It can be shown [36] that substituting (4.4) into (4.1) gives the partition function for N = 1 and Γ =D k+2 for an arbitrary k. This substitution and the substitution for the other non-abelian groups is consistent with the formulas in Table ( 3.9) of [8] .
The rationale for this formula is that we can considerD k+2 as composed of a subgroup Z 2k and k subgroups of Z 4 , each with common intersection Z 2 . (4.5) is a surgery formula, as in [10] , for this decomposition.
An example ofD 4 . Substituting k = 2 into (4.5) and using (3.7), (3.11), we find that the unrefined partition function is given by The plethystic logarithm is given by
The coefficient 5 of t General formulae. Substituting (3.15) into (4.5), we obtain the general unrefined partition function forD k+2 :
where we note that this formula is consistent with the above specific examples. An explicit expression for the refined partition function is given by
4.2Ê 6 Orbifold
Let us consider the groupÊ 6 which is a subgroup of Spin (8) . It is generated by
Full partition function forÊ 6 . It can be shown [36] that the partition function for N = 1 and Γ =Ê 6 is
Substituting (4.3) into (4.11), we obtain the full partition function forÊ 6 .
The unrefined partition function. We obtain a simpler expression if the x's are set to unity: The plethystic logarithm is given by 
4.3Ê 7 Orbifold
Let us consider the groupÊ 7 which is a subgroup of Spin (8) . It is generated by
Full partition function forÊ 7 . It can be shown [36] that the partition function for N = 1 and Γ =Ê 7 is
(4.15) Substituting (4.3) into (4.15), we obtain the full partition function forÊ 7 .
4.4Ê 8 Orbifold
Let us consider the groupÊ 8 which is a subgroup of Spin (8) . It is generated by the same generators asÊ 6 with the addition of 1 4
Full partition function forÊ 8 . It can be shown [36] that the partition function for N = 1 and Γ =Ê 8 is
(4.19) Substituting (4.3) into (4.19), we obtain the full partition function forÊ 8 .
The unrefined partition function. We obtain a simpler expression if the x's are set to unity: 
Higher N Theories
Having dealt with various N = 1 theories, we turn to the problem of counting operators in higher N case.
The moduli space. We will denote the moduli space for N branes on R 8 by S N (R 8 ). Restricting to S 7 , we quotient this out by the non-compact direction
This moduli space has a real dimension 8N − 1.
The grand canonical partition function. We use the plethystic exponential and write down the generating function for higher values of N by introducing a fugacity ν for the number of M2-branes. We may also choose to count operators on S 7 . For this purpose we first write the grand canonical partition function for R 8 , g(ν; t, y 1 , y 2 , y 3 , y 4 ;
that has an expansion in terms of partition functions for a fixed number of branes g(ν; t, y 1 , y 2 , y 3 , y 4 ;
Explicitly, the formulae for the first few N are as follows:
where we have written y 1 , y 2 , y 3 , y 4 collectively as y.
Operators on S 7 . The projection to protected operators is more complicated than for the N = 1 case since products of short multiplets are not necessarily short. We just remove an overall trace and regard these partition functions as counting real functions on the moduli space for N branes. One needs to note that the restriction to a fixed radius should be done only once and should not be symmetrised over. We get the reduced grand canonical partition function,
An example of N = 2 and k = 1. Using the first formula in (5.3) together with (5.4), we find that the coefficient of ν 2 in the above expression is
« .
This can be expanded in terms of irreducible representations of Spin(8) as (5.5) Note that at order 2 we again find the singlet operator of the form Tr(φ i φ i ) or Tr(φ i )Tr(φ i ), either of which is unprotected. This is the simplest example which demonstrates that higher N generating functions do not count protected operators. When setting the Spin (8) The palindromic property. Note that the previous partition functions are palindromic. This happened for all the partition functions for one or more membranes that we encountered in this paper. It can be explained as follows. Recall that the palindromic property characterizes Calabi-Yau (Gorenstein) singularities [15] . Although we are considering real coordinates, the partition function for a membrane on R 8 /Γ can be equivalently considered as a partition function for holomorphic functions on the complexification C 8 /Γ which is indeed a non-compact Calabi-Yau singularity. Analogously, for N membranes, we deal with the symmetric product of N Calabi-Yau four-folds which is also a non-compact Calabi-Yau singularity 8 .
One can compute the character of the representation with highest weights [n 1 , n 2 ] as the coefficient of the t
